A cohesive zone model was used in conjunction with the finite volume method to model the dynamic fracture of single edge notched tensile specimens of PMMA under essentially static loading conditions. In this study, the influence of the shape of the cohesive law was investigated, whilst keeping the cohesive strength and separation energy constant. Cohesive cells were adaptively inserted between adjacent continuum cells when the normal traction across that face exceeded the cohesive strength of the material. The cohesive constitutive law was therefore initially rigid, and the effective elasticity of the material was unaltered prior to insertion of the cohesive cells. Notch depths ranging from 2.0 mm to 0.1 mm were considered. The numerical predictions were compared with experimental observations for each notch depth and excellent qualitative and quantitative agreement was achieved in most cases. Following an initial period of rapid crack tip acceleration up to terminal velocities well below the Rayleigh wave speed, subsequent propagation took place at a constant rate under conditions of increasing energy flux to an expanding process region. In addition, attempted and successful branching was predicted for the shorter notches. It was found that the shape of the cohesive law had a significant influence on the dynamic fracture behaviour. In particular, the value of the initial slope of the softening function was found to be an important parameter. As the slope became steeper, the predicted terminal crack speed increased and the extent of the damage decreased.
Introduction
The continuum theory of linear elastodynamic fracture mechanics [1, 2] fails to explain certain experimental observations that have been made for a wide range of brittle materials, particularly at higher crack speeds. Rather than accelerating to the Rayleigh wave speed, cracks tend to propagate at much lower mean velocities under conditions of increasing energy flux into the tip region. This is accompanied by an expansion of the fracture process region and an increase in fracture surface roughness and subsurface damage. In addition, attempted and successful crack branching is often observed.
The failure of classical elastodynamic fracture theory to explain these experimental observations lies primarily in the assumption that the dimensions of the fracture process region are considered to be negligible in comparison to the crack length and that the crack tip simply acts as an energy sink during crack propagation. Broberg [2] refers to this as the point model. As noted by Ravi-Chandar [3] , this model ignores the fact that the fracture process zone can become quite large and that the dynamics of its evolution, regardless of the details of the separation processes in this region, can be quite independent of the wave propagation in the surrounding elastic body.
In the following pages, the merits and pitfalls of cohesive zone models will be discussed in this context. A series of experimental test results will be presented, characterizing the dynamic fracture behaviour of small tensile PMMA specimens. These tests will then be modelled using several different cohesive characteristics to describe the material behaviour in the fracture process region, and the results of these simulations will be compared with the experimental observations.
The cohesive zone model

The case for cohesive models
A cohesive view of materials addresses the shortcomings of classical continuum fracture mechanics by incorporating a cohesive strength and specific fracture energy into the material description. In principle, these parameters should be obtainable experimentally and this, combined with the ease with which cohesive models can be incorporated into standard analysis software, has led to their extensive use in computational fracture simulations. However, as noted in a recent review by Klein et al. [4] , the fracture processes in a given material may be numerous and complicated. The size of the process zone ranges from near the angstrom length scale in ideally brittle crystals to the micron scale in polymers. The inherently small scale of the fracture processes implies that considerable computational effort is required for even modest specimen sizes.
Two aspects of cohesive zone modelling deserve particular attention. The first is whether the cohesive constitutive relation is taken to be initially elastic or initially rigid. The second concerns the assumed shape of this constitutive relation and its experimental or theoretical determination.
Initially elastic and initially rigid cohesive laws
In the first case, as the cohesive surfaces 'separate', the magnitude of the cohesive traction at first increases, reaches a maximum and then decreases to zero with increasing separation. The cohesive law therefore exhibits an elastic initial response due to the finite initial slope of the traction-separation curve, as shown in Fig. 1(a) . This type of traction-separation law has been used extensively since its introduction in this context by Xu and Needleman [5] to model dynamic fracture in brittle solids. When using this type of law, insertion of the cohesive surfaces into a model alters the effective elasticity of the material. Whilst this may be of little consequence if only a single layer of cohesive elements is used, the effect can be significant if the cohesive cells are inserted between many continuum cells in a finite element model, as in [5] , or in a finite volume model, as in [6] . When using this type of cohesive law to study the dynamics of the fracture process region, a conflicting situation arises, as noted in [4] and [7] . As noted above, the length of the cohesive zone ahead of a crack in a material such as PMMA is of the order of microns. If adaptive re-meshing is not used as the crack propagates at high speed through the material, a uniform fine grid must be employed across the entire width of the model and must extend to a sufficient height above and below the initial fracture plane to capture the evolving process region. On the other hand, the cohesive contribution to the stiffness should be small compared to that of the continuum cells. This can be difficult to achieve in practice when thousands of cohesive cells are inserted between the continuum cells in the fine grid region. It has been shown in a recent work by the present authors [6] that the effect of this reduction in elastic stiffness can be so great as to completely rule out the use of this type of cohesive characteristic when studying the two dimensional evolution of the fracture process region. Two simulations were undertaken which clearly illustrate the effect of inserting cohesive cells of the type used by Xu and Needleman [5] between 13 micron square cells in a finite volume formulation. When a single layer of cohesive cells was used along the initial crack path, the predicted fracture load agreed with the experimental value and the crack accelerated quickly to a speed approaching the Rayleigh wave speed, as predicted by continuum fracture mechanics for a constant specific fracture energy. On the other hand, when many such layers were inserted in the fine grid region, both static and dynamic results were dramatically altered. The predicted fracture stress was reduced by about 40%, and the mean terminal crack propagation speed was reduced to about half the previous value. It was then demonstrated quite clearly for a wide range of cohesive parameters that the speed of crack propagation was of the order of the Rayleigh wave speed calculated on the basis of the modified Young's modulus of the material into which the cohesive cells had been inserted.
The alternative approach is to use a cohesive traction-separation law which has a descending part only, as was used in this context by Camacho and Ortiz [8] . Because there is no ascending part, the behaviour of the cohesive surface is initially rigid, as shown in Fig. 1(b) . In practice, the cohesive cells are not inserted between the continuum cells at the beginning of the analysis as in the previous case. Instead, they are inserted only along the edges of elements whose traction reaches some critical value, which is usually defined as some combination of normal and shear stresses prevailing at that point in the continuum model. Because they are adaptively inserted as they are required, the elastic properties of the model are not altered in the same way as the first class of cohesive models described above and their use is therefore more appealing for process region modelling. The main disadvantages, of course, lie in the additional housekeeping that must be performed during the analysis. The tractions along the appropriate element edges need to be constantly monitored and checked against the failure criterion. In addition, the status and connectivity of the inserted cohesive cells must also be stored and updated for the duration of the analysis. This type of cohesive characteristic forms the basis of the current investigation.
A recent study by Falk et al. [7] addressed the issue of crack branching predictions in finite element models containing either cohesive cells with an initially elastic or an initially rigid traction-separation law. In both cases fully reversible cohesive behaviour was assumed. An important difference was noted between the crack propagation behaviour in the two models. In the models containing the initially rigid cohesive cells, the crack accelerated to a velocity which was very close to the Rayleigh wave speed, cohesive cells opened in a diffuse region around the crack tip, but no macroscopic branching was observed. On the other hand, in the models containing the initially elastic cohesive cells, the crack accelerated to a lower speed of about 75% of the previous value (presumably due to the reduction in stiffness discussed above), then following a small reduction in speed, macroscopic branching into two separate cracks occurred. It was noted that since the separation criterion and its numerical implementation are key when the cohesive response is initially rigid, the possibility remained that the lack of branching in the former case was a consequence of the numerical implementation. It is important to note that a central-difference explicit time integration method was used in both cases. This differs from the current work, in which a fully implicit time integration scheme was employed.
On the importance of the shape of the traction-separation law
Recent research has shown that the shape of the cohesive law is of fundamental importance and can greatly influence the fracture behaviour of the material. This is not altogether surprising, as the shape of the curve ultimately reflects the physical separation processes occurring within the material. It does, however, represent a departure from the long-held view that the fracture process is characterised by Γ , the fracture resistance of the material, which is represented by the area under the tractionseparation curve.
The influence of the shape of the cohesive law has been examined recently for quasi-static crack growth in elasto-plastic materials by Scheider and Brocks [9] and Li and Chandra [10] , for quasi-static growth in brittle materials by Elices et al. [11] , and for dynamic crack growth in brittle polymers by Bjerke and Lambros [12] . In the latter study, a single layer, thermally dissipative cohesive model was employed which was found to be in good agreement with experimental observation for low crack propagation rates. At higher crack speeds, however, a significant discrepancy was observed between predicted and measured values for each cohesive law considered. This suggests that at higher speeds the fracture process region is no longer small enough to be accurately modelled by a single layer cohesive zone model.
Determination of the cohesive parameters
In practice, the shape of the traction-separation law and the values of the cohesive parameters are determined in several ways. Where possible, the cohesive characteristics should be measured by means of appropriate tensile tests with the displacement being measured directly across the separating cohesive zone, as performed by Ting et al. [13] for polyethylene. There, a family of curves was obtained which more fully characterised the material cohesive behaviour for a range of different loading rates and degrees of constraint.
Indirect methods are also used, where the shape of the cohesive law is proposed in advance and a set of experiments is performed to determine the values of the relevant parameters, as described, for example, by Elices et al. [11] . Alternatively, use may be made of evolutionary search techniques to quantify the parameters in proposed cohesive laws to best reproduce experimental results, as described by Tin-Loi and Que [14] .
Finally, the cohesive behaviour may be predicted from micromechanical models where available. One such study has been performed recently by Rottler et al. [15] which very effectively uses a combination of molecular dynamics and simple continuum fracture mechanics to calculate the macroscopic fracture energy of amorphous glassy polymers, such as PMMA.
Experimental test results
Two sets of experiments have been undertaken to study the dynamic fracture characteristics of cast sheets of PMMA using small single edge notched tensile (SENT) specimens. The first set [16, 6, 17] used a standard grade of material, whilst the second, more recent set examined the effect of molecular weight (M w ) on the dynamic fracture behaviour [18] , as discussed below.
Fracture of standard molecular weight specimens
In the first set of tests, SENT specimens, 20 mm wide and 8 mm thick, were mounted in a universal testing machine with a grip spacing (gauge length) of 40 mm and extended at a rate of 2 mm/min, until specimen failure occurred. The notch depths ranged from 0.1 to 2.0 mm. Crack speeds were measured using both an electrical resistance method and high speed photography. The results are summarized in Figs. 2 and 3.
As shown in Fig. 2 , the terminal crack speed is strongly dependent on the initial notch depth, with peak values of up to 800 m/s observed for the shortest notches. Specimens containing the 2.0 mm notches exhibited much lower crack speeds, with mean values of the order of 350 m/s. As has been reported elsewhere [19, 20] , the high-frequency crack speed oscillations have been found to correlate well with the fracture surface roughness, although as discussed in [6, 17] , a certain amount of filtering is usually required to remove noise from the crack speed signal, and this can have a significant influence on the results. In this case, a 'time-window' of 0.1 µs was chosen to resolve the highest-frequency physical crack speed oscillations that occurred during the fracture event. Fig. 3(a) shows the corresponding fracture surfaces for the results presented in Fig. 2 . The specimen containing the 2.0 mm notch exhibited a smooth mirror-like surface, while at shorter notch depths the visible damage increased until, at a notch depth of 0.1 mm, the entire surface had a flake-like structure indicative of micro-cracking beneath the surface. The structure of the fracture surface in this region is revealed by the scanning electron micrographs shown in Figs. 3(b) and (c). 
The effect of varying molecular weight
A second set of experiments was carried out to assess the effect of varying the molecular weight on the dynamic fracture characteristics. Three grades of PMMA were considered: low (1.4 × 10 5 g/mol), standard (1-2 × 10 6 g/mol), and high (5 × 10 6 g/mol) molecular weight. In these tests, specimen dimensions of 20 × 20 × 3 mm were used. In addition, notch depths of 0.1 mm, 0.5 mm and 1.0 mm were considered. Although these specimen dimensions are different to both the previous set of tests and the numerical simulations that follow, it is of interest to note the main conclusions of this study for future reference.
Firstly, it was found that the fracture stress was essentially independent of M w . Furthermore, the crack speed characteristics for the high and standard M w specimens were similar to the values shown in Fig. 2 . However, the crack speeds recorded for the low M w specimens were considerably higher than those for the other grades. Those associated with the 1.0 mm notches averaged 650 m/s, whilst values close to the Rayleigh wave speed were observed for the 0.1 mm notch depths. In addition, it was found that the surface roughness increased dramatically as the molecular weight decreased, as shown in Fig. 4 . This is possibly related to the amount of free volume present at a molecular level in this grade of material, as proposed by Newman and Wolock [21] . Shorter chain lengths are associated with an increased number of chain ends which may act as nucleation sites for micro-cracks. Finally, crack bifurcation was observed in the low M w specimens containing the 0.1, the 0.5 mm and occasionally the 1.0 mm notches. 
Combined static results for both series of tests
As mentioned above, it was found that the fracture stress was virtually independent of the molecular weight of the specimens in this range. Eleven valid tests were carried out for each set of specimens containing the 0.1, 0.5 and 1.0 mm notches, whilst only two reliable results were obtained for those containing the 2.0 mm notches. Many more tests were carried out but the results were discarded as an unacceptable level of specimen or grip misalignment was observed. The experimental observations are summarized in Table 1 .
Numerical investigations
A finite volume formulation was used to simulate the dynamic fracture of the PMMA specimens [23, 24, 6, 25] . The evolution of the fracture process region was modelled for the first 10 mm of crack growth using four different cohesive characteristics. Even though the fracture energy and the cohesive strength were held fixed in each case, the dynamic fracture behaviour was found to be strongly dependent on the shape of the cohesive law.
Model geometry
To reduce the computational effort, a 10 × 40 mm SENT model was considered, as shown in Fig. 5 . This model is intended to represent one half of the 20 × 40 mm experimental specimens in [16] . Symmetry boundary conditions were applied to the right hand edge of the model, the bottom edge was held fixed, whilst the displacement (static analyses) or the velocity (transient analyses) were specified along the top edge. The left hand edge containing the initial notch was assumed to be traction-free. A uniform fine grid region was defined, which spanned the width of the model and whose height extended an equal distance above and below the initial fracture plane. The appropriate height of the fine grid region depended on the notch depth and the cohesive characteristic employed, and had to be large enough to contain the evolving fracture process zone. The height of this region ranged from 3 to 6 mm. Within the fine grid region, a square cell size of 10 × 10 µm was used. Outside this region, the height of the cells increased gradually to 0.8 mm at the top and bottom of the model. The number of continuum cells in the models ranged from 388,000 to 688,000, depending on the size of the fine grid region. Plane strain conditions were assumed. 
Analysis procedure
The analysis procedure may be summarized as follows. At the end of a given time step, the tractions across the faces of each continuum cell were evaluated and if the failure criterion was satisfied anywhere in the model, cohesive cells were inserted between the continuum cells adjacent to this face. The time step was then repeated so that a converged solution was obtained for the model containing the recently-added cohesive cells before proceeding to the next time step. In this investigation, a purely tensile failure criterion was assumed. Hence the cohesive cells were inserted if the normal traction was greater than or equal to the cohesive strength.
Cohesive characteristics
Four different, rate-independent, cohesive characteristics were considered, as shown in Fig. 6 (a)-(d). The cohesive strength and separation energy were held constant at 80 MPa and 355 J/m 2 respectively. These represent typical mean values quoted in the literature [26, 27] . It is worth noting in particular that Kusy and Turner [26] observed a sharp decrease in the fracture energy of PMMA when the molecular weight was reduced below 1 × 10 5 g/mol. Above this level, the fracture energy was found to be essentially independent of M w .
The main parameter under investigation in this study was the slope of the initial portion of the softening curve. For each of the three descending traction-separation laws, the initial slope became progressively steeper by a factor of two in each case, whilst the critical separation was held constant at 8.8 µm. In addition, it is worth emphasising that the cohesive constitutive relations were taken to be initially rigid in each case, and that the elastic properties of the model were therefore unaffected prior to the insertion of the cohesive cells.
The cohesive behaviour may be summarized as follows. When the normal opening displacement δ increases monotonically, the normal cohesive traction σ decreases according to the cohesive laws in Fig. 6 (a)-(d) . If, after some opening displacement δ * , unloading takes place, then the tractions obey the linear unloading relation shown in Fig. 6(b) . If subsequent reloading takes place, the unloading path is reversed until the displacement δ * is reached, and subsequently the monotonic cohesive relations are followed again. When the critical normal separation is reached, fracture is assumed to have taken place and the cell faces are thereafter treated as traction-free surfaces.
The shear traction across the cohesive surfaces is computed as follows. Before the cohesive cells are inserted between the faces of the adjacent continuum cells, the prevailing shear traction on this plane is noted. Let this value be τ o . After the cohesive cells have been inserted, the shear traction corresponding to a given normal traction σ is simply taken to be
where σ coh is the cohesive strength of the material. Hence, the shear characteristic has the same shape as the normal characteristic. This is essentially the same cohesive behaviour as assumed by Camacho and Ortiz [8] .
Static Results
The laboratory tests were performed under static loading conditions, and so the behaviour of the model both prior and subsequent to the onset of unstable crack growth is of interest. The former phase was simulated using a static analysis, whilst the latter, rapid crack propagation, phase required a transient analysis to be performed. Whilst a transient analysis could have been used from the outset, the very low rate of extension would have resulted in an unnecessarily long run time prior to fracture initiation. Results of interest from the static analysis include the applied stress at the onset of unstable crack growth, the associated J-integral [28] and strain energy values, and the length of the craze region ahead of the stationary crack tip under these loading conditions.
In the static phase of the analysis, the model was loaded by applying displacement increments to the top face. When the traction across the cell face directly ahead of the crack tip reached the cohesive strength, a cohesive cell was inserted between the adjacent continuum cells, as described above. This procedure continued until the point where unstable crack growth was imminent, when the magnitude of the applied incremental displacements was considerably reduced to allow the final stages of craze formation to be accurately modelled. Eventually, the analysis failed to converge and the static results were recorded. The J-integral was computed around several contours and path independence was noted in every case.
The craze length was defined as the number of cohesive cells which had been inserted ahead of the crack tip at the last converged solution step. As the length of the cell faces in the fine grid region was 10 µm, the resolution of the craze length was obviously restricted to this value. Finally, the mean axial stress at the grips was computed for comparison with the experimental data. The static results for each of the four cohesive laws considered are summarized in Tables 2 to 5.
Discussion
In most cases, the experimental and numerical results are in close agreement. The only case where the predicted fracture stress was well outside the observed range of experimental values occurred for the 0.1 mm notch using the constant stress cohesive law. In general, the three descending cohesive laws (Tables 3-5) predicted fracture strengths which were lower than the mean experimental value. Closer agreement would have been achieved if a higher cohesive strength had been chosen for these cases, perhaps increasing this parameter to 90 MPa. Of particular interest is the variation of elastic strain energy as a function of notch depth. The energy stored in a specimen containing a 0.1 mm notch is an order of magnitude greater than that associated with a 2.0 mm notch. It will be shown that a relatively high value of stored energy is a necessary condition for branching to take place during subsequent rapid crack propagation. For the three descending cohesive laws (Tables 3-5 ), it was found that the value of the path-independent J-integral was approximately equal to the separation energy at the onset of crack growth for notch depths of 0.5 mm and above, regardless of the shape of the cohesive law. For the shortest notches, the length of the cohesive zone is no longer small in comparison to the notch depth and the equivalence of the Griffith and cohesive theories of fracture no longer holds [28] . It would be expected, of course, that the value of the J-integral would be exactly equal to the fracture energy at the onset of unstable crack growth. It is worth emphasising that the static analyses were terminated when convergence failure occurred and these results therefore represent the point of numerical instability rather than that of fracture initiation.
The results for the constant stress (or Dugdale [29] ) cohesive law deserve closer inspection. If the length of the cohesive zone is small compared to the crack length, it may be shown that the length of this region is given by
where σ coh is the (constant) cohesive stress. This equation may be used to check the magnitude of the craze length for the deeper notches. The stress intensity factor for an SENT specimen containing a small edge crack is given by [27] 
where σ is the applied stress and a is the crack length. For a cohesive strength of 80 MPa, the lengths of the cohesive zones associated with the 1.0 mm and 2.0 mm notches are predicted to be 82.7 µm and 81.7 µm, respectively. These values compare very well to the numerical predictions of 80 µm in each case, given that the cohesive cell size was 10 µm in the numerical models. Two further points may be made regarding the computed craze lengths. Firstly, it should be noted that the length of the static cohesive zone increases quite substantially for the decreasing traction-separation laws, reaching 200 µm in the case of the steeper trilinear curve. Secondly, Tables 2 to 5 show that craze lengths for the 1.0 and 2.0 mm notches are equal to each other for all four of the cohesive characteristics. This corresponds to a condition of autonomy near the crack tip, where the same development of processes at the tip are observed for different specimen and loading geometries. As pointed out by Broberg [2] , all the different concepts used in linear elastic fracture mechanics (LEFM) are developed explicitly or tacitly under the assumption of autonomy, which thus provides the very basis for LEFM.
Dynamic results
The subsequent rapid crack propagation phase was then simulated for each cohesive characteristic in turn, and the results are presented below. In each case the top face of the model was subjected to the experimental loading rate of 3.3 ×10 -5 m/s (or 2 mm/min). Results of particular interest from the transient analysis include the variation of crack front velocity, crack paths, branching and the accumulated damage as a function of crack length.
The results will be presented in the following manner. Firstly, a fixed specimen geometry will be considered whilst the cohesive law is varied. The most appropriate traction-separation law will then be determined by comparison with experimental results. This cohesive characteristic will then be used to examine the influence of notch depth on the dynamic fracture characteristics of the models.
Notch depth 0.1 mm with varying cohesive characteristics
The damage evolution in the fine grid region of each model is shown in Fig. 7 . The corresponding crack speed histories are shown in Fig. 8 . As noted above, a certain amount of processing was performed on the experimental crack speed data. For ease of comparison, the simulated crack speed histories were also smoothed using a 0.1 µs time-window.
For each cohesive law, the crack growth is characterised by a period of initial acceleration up to a mean terminal velocity below the Rayleigh wave speed. During this initial period, the crack is confined to its initial plane and the fracture surface in this region is perfectly flat with no subsurface damage. Thereafter, the extent of the subsurface damage increases and the crack speed exhibits characteristic high frequency oscillations.
It is clear from Figs. 7(a) and 8(a), however, that the predictions obtained using the Dugdale-type cohesive law are unrealistic for this material. After an initial acceleration to about 540 m/s, the crack quickly decelerates to 240 m/s after 1.7 mm of growth. At this stage the single planar crack is replaced by two parallel cracks and the crack speed curve becomes difficult to interpret. The simulation was subsequently stopped after 5.6 mm of crack growth. The predictions obtained from the descending cohesive characteristics, however, are much more realistic and compare well with the experimentally recorded crack speed data in Fig. 2 for this notch depth.
It is also of interest to compare the crack branching predictions obtained in each case. In the linearly descending case ( Fig. 7(b) ), successive attempted branching events are observed after 1 mm and 2 mm of crack growth, and macroscopic branching is achieved after about 3.5 mm of growth. The results for the two trilinear characteristics are quite similar to each other, as shown in Figs. 7(c) and (d). Attempted branching takes place after 5-6 mm of crack growth, and again after 7.5 mm. However, as the slope of the cohesive characteristic becomes steeper, the terminal crack speed increases and the extent of the damage decreases.
Crack bifurcation was experimentally observed in the low molecular weight material for the specimens containing 0.1mm and 0.5 mm notches. Indeed, the onset of bifurcation occurred after approximately 3 mm of crack growth for the former specimens, as shown in Fig. 9 . This compares very well to the numerical predictions for the linear descending cohesive law, as shown in Fig. 7(b) . Furthermore, the extent of the crack deviation from the mid-plane predicted by both the linear descending and Fig. 9 . Crack bifurcation in a 20 mm wide, low molecular weight specimen containing a 0.1 mm notch [18] . For ease of comparison with the numerical results, only the first 10 mm of crack growth is shown, after which the crack has deviated approximately 2 mm from the mid-plane. the trilinear characteristics are very close to the experimental observation of 2-3 mm after 10 mm of crack growth. Finally, it is worth noting with reference to Fig. 9 , that the majority of the damage is confined in practice to a relatively narrow region on either side of the fracture surface. In this regard, the extensive damage predicted in Figs. 7(a) and (b) may be regarded as less realistic than that produced by the steeper cohesive characteristics in Figs. 7(c) and (d). For this reason, the trilinear cohesive law, as shown in Fig. 6(c) , will be employed to examine the influence of notch depth on the dynamic fracture characteristics of the models.
Trilinear cohesive characteristic with varying notch depths
In this case, the damage evolution in the fine grid region of each model is shown in Fig. 10 , and the corresponding crack speed histories are shown in Fig. 11 . Clearly, as the notch depth decreases, the extent of the surface roughness and subsurface damage increases substantially, with attempted and successful branching predictions for the shorter notches. This corresponds well to the experimentally observed fracture surfaces in Figs. 3 and 4 . The markedly different behaviour of the models containing the 0.1 mm and the 2.0 mm notches is not surprising, given the associated strain energy levels in each case, as shown in Table 4 . As a result, the energy flow to the crack tip region increases substantially as the notch size decreases with a corresponding increase in the size of the fracture process region.
Referring to Fig. 11 , it may be seen that both the initial rate of acceleration of the crack tip and the mean terminal velocity are predicted to increase significantly as the notch depth decreases. Here again, the initial featureless phase of crack propagation is associated with a relatively smooth velocity history, with the onset of subsurface damage being accompanied by high frequency velocity oscillations.
Discussion
It is of interest to compare the experimental results with the numerical predictions for each notch depth. In the case of the standard and high M w specimens, the mean crack speeds varied from 350 m/s to 800 m/s as the notch depth was decreased from 2.0 to 0.1 mm respectively. The observed speeds for the low M w specimens ranged from 650 m/s for the 1.0 mm notches to over 900 m/s for the 0.1 mm notches prior to bifurcation. Clearly, the predicted crack speed histories for the descending cohesive laws most closely match the behaviour of the low M w material.
In general, however, it is clear that an improved cohesive description of these materials is required. The underlying physics of the fracture process region are complex and undoubtedly depend on such factors as the rate of separation, the degree of constraint, the local temperature and the molecular weight of the material. The development and calibration of such models must be the subject of future research if further progress is to be made in this area.
Conclusions
This cohesive formulation has enabled many experimental observations to be both qualitatively and quantitatively reproduced. These include the prediction of fracture stress under static loading conditions, the acceleration of the crack tip from rest to velocities well below the Rayleigh wave speed, and the subsequent dynamic crack propagation at constant mean terminal velocities under conditions of increasing energy flux to an expanding process region. In addition, characteristic high frequency velocity fluctuations associated with the initiation of subsurface damage were obtained, along with attempted and successful branching events. The variation of all of these quantities was examined as a function of notch depth and the correct trends were predicted.
In particular, the simulations involving the descending cohesive laws most closely matched the behaviour of the low M w specimens, where higher crack speeds and crack bifurcation were observed for the shorter notches. The Dugdale-type cohesive law was found to be unsuitable in this context, the dynamic fracture behaviour being characterised by excessively low crack speeds and extensive subsurface damage.
The results clearly show that the dynamic fracture simulations are sensitive to the shape of the cohesive law. This is clearly emphasised for shorter notches, where the energy in the system is an order of magnitude higher than that associated with the deeper notches. In particular, it has been found that the initial slope of the decreasing part of the cohesive law is an important parameter, and quite different behaviour was observed for the three descending cohesive laws, in spite of the fact that the cohesive strength, fracture energy and critical separation values were constant in each case. As the slope became steeper, the terminal crack speed increased and the extent of the damage decreased.
